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Abstract—A method for estimating domains with limit cycles and finding surfaces with the traces
of all cycles is proposed. Corresponding estimations of domains with cycles for Lorenz and Réssler
systems are indicated.
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1. INTRODUCTION

Many properties of nonlinear systems of the form

&= f(z), z=(z1,...,2a)" €R" f(z)=(fi(z),...,fu(2))T € C®R") (1.1)

depend on the existence of cycles in its phase space R". This means that for qualitative descrip-
tion of properties of the system (1.1), it is always important to localize the cycles, i.e., to solve
the following problems.

PROBLEM 1. Find such set {2 C R™ which contains all cycles of the system (1.1).
PROBLEM 2. Find such surface S C R™ which intersects or touches any cycle of the system (1.1).

We consider these localization problems for cycles corresponding to periodic solutions z(t),
z(.) € C?*(R) of system (1.1) with finite period.

This paper is organized as follows. The main results are formulated in Section 2 and are proved
in Section 3. Sections 4-6 contain results received for the Lorenz [1] and Rgssler systems [2]. In
Section 6, an iteration procedure is proposed for localization of cycles.

2. GENERAL METHOD

Let
- 0
f= ; fi(I)E?_:':i

be a vector field on R™ associated with system (1.1), and let

Lyg(z) = Y filz) 222
i=1 '

be a Lie derivative of ¢ € C°°(R") along the vector field f.
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THEOREM 1. For any function ¢ € C*°(R"™), each cycle of system (1.1) has at least two points
contained in the set

S, = {z | Lyp(x) = 0}. (2.1)

THEOREM 2. For any function ¢ € C*°(R"), each cycle of system (1.1) has at least one point
contained in the set
| S; = {z € Sy | Ljp(z) < 0}, (22)

and at least one point contained in the set

St ={z € S, | L}p(z) > 0}. (2.3)

THEOREM 3. Any cycle of system (1.1) intersects the set S, transversely at each point in common
with the set
{z €8, | Lp < 0}, (2.4)

and with the set
{z €S, | Lp > 0}, (2.5)

where ¢ € C*°(R").
The sets (2.4), (2.5) are (n — 1)-dimensional submanifolds (hypersurfaces) in R".

For function ¢ € C*°(R"), by definition put

wsup = sup{p(z) | Lyp(z) =0},  @inr = inf{p(z) | Lyp(z) = 0}. (2.6)
THEOREM 4. All cycles of system (1.1) are contained in
Qp = {z | ¢int < ¢(z) < @sup}- (2.7)

COROLLARY 1. All cycles of system (1.1) are contained in

Q={nQ, | p € C*(R")}.

COROLLARY 2. For any functions ¢,y € C*°(R"), any cycle of system (1.1) has at least one
point in common with the set S;; N2, and with the set S,'I',' NnQ,.

If S, = 0 for some function ¢, or Sy N, =0 (S$ N, = 0) for some two functions ¢ and 9,
then system (1.1) has no cycles. If S, consists of a finite number of points, then it is enough to
investigate behavior of trajectories passing through these points.

For example, suppose z, is an asymptotically stable point on the whole equilibrium of sys-

m (1.1), and ¢ = V(z) is the corresponding Lyapunov function. In this case, we get S, = z.,.

Suppose S, is a compact set, then (0, is limited by the surfaces ¢(x) = pins and (x) = @syp.

For the estimation problem, a boundedness property of the sets {z | Lyp(z) = 0} and {z |
w(x) = const} is important. Suppose system (1.1) is a polynomial system, i.e., the functions f;(z),
i = 1,...,n are polynomials, and ¢(z) is also a polynomial. In this case, function Lyp(z) is a
polynomial, too. If we combine this with the boundedness conditions of these sets, we get some
conditions on the coefficients of the polynomial ¢(x). In the case of a polynomial of degree 2, the
terms of second degree compose a quadratic form, and we have simplest boundedness criterion
for such polynomial: its quadratic form is negative (or positive) definite.

To formulate the boundedness conditions for a polynomial of degree n > 2, let us introduce
the following notation. Let P,,(x) be a polynomial of degree m,

Pn(z) = ) aqa, (2.8)
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where ¢ = (o4,...,04), 0; are whole nonnegative numbers,
TL
lo| = E T, 27 =z{'z3? ... xl",
i=1

as € R, a, # 0 for some o |o| = m, and

m={zx € R"| Pn(z) = 0}. (2.9)
ProprPoOSITION 1. If set (2.9) is bounded, for any 1 < i; < i3 < .-+ < i < n, polyno-
mial Pp,(x) (2.8) is a polynomial of even degree as a function of the variables z;,,x;,,...,x;,.

In what follows, we suppose m = 2I. If x = ¢, where 8 = {B1,..., 5}, |BII° = X1, 5% =1,
t > 0, then

Pn(tB) = ) A(B)tF,  where Ax(B) = ) a,8°, k=0,...,m.

le|l=k

M

We put

A = min{|Am(B)| for |3 = 1}.
PROPOSITION 2. If A,, > 0, then set (2.9) is bounded.
PROPOSITION 3. If A,,(B.) =0, and A,—1(B.) # 0 or

(Am(B), 18I1*)7
ap A=4.

rank = 2,

then set (2.9) is unbounded.
PROPOSITION 4. If for all 3, ||8|| =1

An(B8) 20(£0), Apna(B)=--=An-21(P) =0,
and A,,_ok (ﬁ)lAml:ﬂ}=ﬂ >0 (Am—2k (,B)lﬂm{ﬁ}=[] < 0), then set (2.9) is bounded.

3. PROOF OF THEOREMS 1-4

To prove Theorems 1-4, we need the following facts. Let z(t) € C%(R") be a T-periodic
solution of system (1.1), and let (z) be a function from C?(R™).
The function ¢(x(t)) is a periodic function of ¢t and we can consider ¢(x(t)) as a function onto

a circle. A circle is a compact set. Hence, there exist a maximum and minimum, i.e., there exist
t =t* and t = t, for which

p(z(ts)) < p(z(t)) < p(z(t*)). (3.1)
Using the necessary condition of local extremum, we get
dp(z(t

Lio(@)lemstn = 220 = g (3.2)

where t = t* or t = t,. It is obvious that condition (3.2) can be fulfilled only at the points of the
set Lyp(x) = 0. Theorem 1 is proved.
At the point of maximum, we have

2
L30(@)lamsty = “E 52 <0 (3.3)

Condition (3.3) can be fulfilled only at the points of set (2.2). Similarly, z(t.) € S7. This
completes the proof of Theorem 2.

The Lie derivative L?w(m) can be interpreted as the scalar product of vectors f(z) and
grad Lsp(x). Therefore, if Lfﬁq::(z:) # 0, then grad Lyp(z) # 0 and trajectory x(t) intersects
surface Lsp(z) = 0 transversely. This proves Theorem 3.

The proof of Theorem 4 follows from inequalities

wint < min{p(z(t))} < max{p(z(t))} < Psup,
because any cycle cannot pass through the point in which ¢(z) < @inf Or @sup < ().
The proofs of Corollaries 1 and 2 are trivial.
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4. THE LORENZ SYSTEM

The Lorenz system has the form

T = —0x1 + 0xa,
Lo =TT — Ty — T1X3, (4.1)

Ig = I1To — bIa,
where o, r, and b are positive parameters.

PROPOSITION 5. For a polynomial of degree 2 of the form

@(z) = azt + Bl + vzl + 26z 129 + 26123 + 2uToT3 + 2o + 2)\T3 + 26021 + T, (4.2)

the following three conditions:
1° deg Lsp(x) = 2,

2° the terms of second degree of function L fyp(x) compose a negative definite quadratic form,
and

3° the terms of second degree of function ¢(z) compose a positive definite quadratic form,
are fulfilled iff

a>0, f=7>0, é=e=p=0, (4.3)
13
lao + Br + Al < \/4&,&? - (4.4)
ie.,
p(z) = az? + Bl + B2 + 2wz 4+ 2023 + 202 + T, (4.5)

where a > 0, 8 > 0, and inequality (4.4) holds.
If the conditions 1°-3° hold, the set S, is bounded by an ellipsoid.
PROOF. Since

Lip(z) = 200z (—21 + 22) + 20z2(rz) — T2 — 7123) + 2y23(T 122 — bx3)

+ 26z (rzy — To — 2173) + 26290(—21 + T2)

+ 2ex30(—x1 + T2) + 2ex1 (7172 — b23)

+ 2uxo(zi20 — by) + 2UT3(TT) — T2 — T173)

+ 2u(rzy — 2 — T123) + 2A (2122 — bx3) + 200(—21 + 2), ie.,
Lep(x) = 2(y — B)xr12023 — 2:53:?:1:3 -- ZEI?IE - prlzx:% - Zuzlﬂ:g 4o,

then the first condition is fulfilled iff
Y = f3, b =e=pu=0.
Therefore the polynomial ¢(x) has the form (4.5) and
Lsp(z) = —2a0zi — 2825 — 20bx3 + (200 + 208r + 20z 20 — 2vT123 + - -
Conditions 2° and 3° are fulfilled iff @ > 0, 8 > 0, —2a0 < 0, and

dafo — (ao + Br+ ) >0,

0 > . (4.6)
—8af%cb + 2v°F + 20b(ac + Br + A)° < 0.



Estimations of Domains 329

To conclude the proof, it remains to note that condition (4.4) coincides with (4.6). For
=T, B =g, A = —dro, v =0, 1':40'1*2,

we get the function (3]
Q= r:::f - a::% + o(x3 — Zr)z.

If we put
1 1 . or41 B (r+1)2
ﬂ"‘"*ﬁ"&'! 16_21 A= — 2 J H_U! T = 9 )
then 1 1 .
. 2,12, 6 % _ 2
p=5-T1t 5T 5 (@3 = (r+1))" (4.7)

For function (4.7)
Lip = —x? — 13 — bx? + (r + 1)bzs,
and the surface S, is an ellipsoid

2 2 2
zy , =3 | (23— (r+1)/2)°
Az g C? =

of center 0(0,0, (r + 1)/2),

(r+1)

1, A=B=vbC, C= >

(4.8)

Pinf = 0, Psup = Py

where [4]

(r+1)2 b
< > =

P=pPN00) =3 (r+1)2%/(8(b-1)), 2<b, o>1, (4.9)
(r+1)20%/(8(b—0)s), 0<o<1, b>20.

The condition pins < @(z) is fulfilled for all x and does not impose the restrictions. On the other
hand, condition ¢(z) < sy, defines a set §2, limited by the ellipsoid

2 2 2
%+;§+(33_gf1)) =1, A=+0oB, B=C=+/2, (4.10)
of center O2(0,0,7 + 1).

All cycles of system (4.1) place inside ellipsoid (4.10). All trajectories from the external set
(relatively ellipsoid (4.10)) fall into ellipsoid (4.10) and remain there. Function (4.7) decreases
on trajectories of system (4.1) outside of ellipsoid (4.8), and it grows inside ellipsoid (4.8). The
chaotic movement in system (4.1) is possible only inside ellipsoid (4.10).

By Proposition 5, it follows that for any function (4.5), we have the similar qualitative results.

5. THE ROSSLER SYSTEM
For the Rossler system '
Ty = —T2 — I3,
To = Ty + axo, (5.1)
&3 = ¢+ z3(z1 — b),
where a, b, and ¢ are positive parameters, the method allows to find the function ¢ = 22422+ 2x3.
For this function, surface S, is a parabolic cylinder
azxi — brz +c =0,
and @inr = 2¢/b, @sup = +00. All cycles of system (5.1) place outside of paraboloid

¢ (z?+ 1)
T3 =7 - e (5.2)
For function ¢(z) = z2, Sy = {Lyy¥ = 0} = {z | z1 + ax2 = 0} and according to Corollary 2 and
Theorem 2, each cycle of system (5.1) has at least one point in common with the part of plane
T, + axe = 0 which is outside of the domain restricted by surface (5.2) and where az3 > z,. If

arsz > x;, then this point is a point of intersection in transverse position.
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6. ITERATION PROCEDURE OF LOCALIZATION

THEOREM 5. If all cycles of system (1.1) are contained in A C R"™, then for any function
x € C*(R"), the sets

ﬂx,h — {*T | Xinf,A < X(I) < XBup,h}; (ﬁl)
Ay =QaNA (6.2)

contain also all cycles. In (6.1), (6.2)

Xinf,A = inf{x(z) | z € S, N A}, Xsup,A = sup{x(z) | T € S, N A}, (6.3)

where S, = {z | Lyx(z) = 0}.

Proor. If z(t) is a periodic solution of system (1.1), and t*, {. denote a maximum and a minimum
of function x(z(t)), then z(t.),z(t*) € S, N A and

x(z(t)) < x(z(t*)) < sup{x|s,nr} = Xsup,A-

Inequality x(z(t)) > Xinf,a can be proved analogously. Therefore, for all ¢ we have z(t) € Q.

COROLLARY 3. Let xn(z), n =0,1,2,..., be a sequence of functions from C*(R"). The sets
Ao =g, Ap=Anc1NAp_1y., 7n>0, (6.4)
contain all cycles of system (1.1) and

A2 A1 D" DAZD - (6.5)

COROLLARY 4. Let z;(t), i = 1,2,3, be a periodic solution of Lorenz system (4.1). Then the
following estimates hold for any t:

2p0 A
< = L1us \
21 </ 7 == (6.6)

where p is from (4.9), and

2
zi(t)
z3(t) 50 >0, b < 20,
2
_ z1(t) . 6.7
I’3(£)"‘ 2% b"'zﬂ-r (‘}
2
zi(t)
< .
z3(t) < Pt b>20

Proor. If xo(z) = ¢(z) from (4.7), x1(x) = ¥(x) = z;, by Corollary 3, it follows that the sets
Ao = 0y, = N0, Al =AoNAgy, =2 N2,y
contain all cycles of system (4.1). Therefore,
inf{y(z) |z € Sy NQ,} < Y(z(t)) = z1(¢) <sup{Y(z) |z € Sy NQ}.

To find inf{y(z) | z € Sy, N} and sup{Y(z) | z € Sy NN, }, we consider

1
T, — extr, —z1 + z2 =0, E:t:f + 2+ (z3 - (r+1))% < 2p. (6.8)
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[f we replace zo by x; in (6.8), we obtain

1
T, — extr, (E + 1) T2+ (z3 — (r+ 1)) < 2p.

Therefore
2p

lfu'+1’

and we obtain estimate (6.6). To prove (6.7), we need the function [4]

:rff_i

x(z) = 2 — 20x3. , (6.9)
For this function, L¢x(z) = 2z10(—21 + 22) — 20(z122 — bx3) = 20(bxs — z3) and
Sy = {z | bxz — z% = 0}.

Therefore
20

x@lls, =t (1- 7). (6.10)

Let us consider three cases.

CASE 1. b < 20. From (6.10) it follows that x(z)|s, <0, Xsup = 0, Xinf = —00. From Theorem 4
it follows that all cycles of system (4.1) are contained in

Q, ={z | x(z) <0} = {z | 27 — 2023 <0}. (6.11)

Therefore for all cycles z3 > z%/(20) > 0.

CASE 2. b > 20. From (6.10) it follows that x(z)|s, = 0, Xsup = +00, Xinf = 0. From Theorem 4
it follows that all cycles of system (4.1) are contained in

Q, = {z | x(z) >0} = {z | z} — 2023 > 0}.

Therefore for all cycles z3 < z2/(20).

CASE 3. b= 20. From (6.10) it follows that x(x)|s, = 0, Xsup = Xint = 0. From Theorem 4 it
follows that all cycles of system (4.1) are contained in

Q, = {z|x(z) =0} = {z | 2} - 2023 =0} = S,.

Therefore for all cycles z3 = 2?/(20). This completes the proof.

REMARK 1. In Case 3, any cycle of system (4.1) intersects the set Q,N§2, NSy, where the set §2,,
is limited by ellipsoid (4.10), and Sy, = {x | z; = z2}. This set is described by the system

1
EI%-}-I%-F{J?;;—(T*FI))Z‘_:?;}, brsz — z2 = 0, ) — x9 = 0.

Hence,

f_
b

T =T, To = T, Tg = —, (6.12)

where

b? b

If0 <b<2(b= 20), from (4.9) we obtain p = (r + 1)2/2. Therefore, under 1 — 27/b > 0,
e, 0<r <bf2, weget T=0, =0 and system (4.1) has no cycles. But if 1 — 2r/b < 0, i.e.,
r > b/2, then |7| < Vk, where k = —by/1 = 2r/b.

4
L+—r?(1—-2—r)+{(r+l)2~2p}£0-




332 A. P. KRISHCHENKO

Ifb =20 > 2, we have p = (r+1)2b%/(8(b—1)), (r+1)2—2p = —(r+1)%3(b—2)?/(4(b—1)) < 0.
Therefore, |7| < vk, where k is the positive root of equation

k? 2r\  (r+1)23(b-2)2
_J“E(l_?)“ -1y

b2
Equalities (6.12) define possible initial conditions of cycles for all these obtained values of 7.

REMARK 2. In Case 2, denote by A the set Q,N €2, , where the set 2, is limited by ellipsoid (4.10),
and the set {1, coincides with (6.11). It follows from Theorem 5 that all cycles are contained in

Qua =1{2 | Yinr.a < Y(x) < Ysupa}-

Let 1 be the function z,. To determine ¥, A, ¥sup.A, We need so solve the following problem:

T, — extr, ézf + 2 + (23 — (r+ 1))* < 2p, —z1 + 19 =0, r? — 2013 < 0. (6.13)
Taking into account (4.9) and the proof of (6.6) in the case
2 < b< 20, (6.14)
for
2pa
= 1 —
L3 r+ 1, |I1| o+ 11
we obtain
2po
2 _ _
x] — 2023 g 20(r + 1)
_o(r+1)%°
RCERCE A
(r + 1)b?
= 1 —-2]20
o(r + )(4(5—1)@“) =%
under 8(b— 1), 1)
—1)lo+
> i 1 (6.15)

Therefore, the maximum and minimum of z; in (6.13) will occur for (6.14), (6.15) somewhere on
the set {x? — 20x3 = 0}. Hence, for (6.14), (6.15) we get

T) — extr, i—mf +z3 + (z3 — (r + 1))* = 2p, z? — 2013 =0, or
T3 — max, 2(1 4+ 0)zz + (x3 — (r+ 1)) = 2p.
Thus in the case (6.14), (6.15) we have
T3max = (I —0) + /(1 —0)2 = (r + 1)2 + 2p,
where p = (r + 1)2b%/(8(b — 1)).
Hence, if 2 < b < 20, r > 8(b— 1)/b® — 1, for any cycle we get
121 (£)] < v/20Z3.max = T1,max- (6.16)

REMARK 3. In the canonical case (¢ = 10, b = 8/3, r = 28) using (6.6) and (4.10), we get
numerical estimate for domain with all cycles of system (4.1)

I71] < 28.56,  |z2| <29.96, 0 < z3 < 58.96.
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